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I
EVALUATION

TIIL ~ necessity b r  ssre coni s lex software systems in such areas a.
conr sand anti c o n t r o l  and av ion ic s  has led to  the desi r e  fo r  bet ter
Lt’ t hods fo r  p r e t l i ct i n i~, s o f twa re  e r rors  to insure  tha t software
prolueed is of h ighe r  q u a l i t y  and of l owe r cost.  This desire ha~ been
expressed in  IIUIIs t~ rOUS i n d ust r y  and Govermncnt sponsored conference.,
as w e l l  .ui in documents NU C II  as the Joint Commanders’ Software
K e l i a b t i t t y  Work i ng Cr01111 Kep or t  ( Nov I 9 7~~). As .1 result , nume rous
effort s hdVe been i n i t i a t e d  to develop methods for  de te rmin ing  the
opt ima l p o L t . ~v f o r  -~a 1 istenan ce  of an operationa l software system .
i o I ~(~ver , e . lr lv  efforts have not developed any consistent or generally
i~pp l t c i ib l e  software i ’ l . I i f l t ef l l S f l CC  p ol i cy .

T h i s  e t t o r t  I~~I S  i n i t t ~~t t ’~ i n  response to t h i s  need f o r  dev elop ing
bet ter and more .u-t-iir,ite s o f t w a r e  error  p r ed i c t  inn models  and f i t s
I IS t (1 t Ilt’ i~o.i Is of r.\fl ( TPO ~~~ t • S , S of  twis rt~ Cost Reduc t ton ( fonne n y
‘Il Tl’~ 0 • It  , Software ~~ tences Technology) , in  t h e  suht  h ru st  of

S o t t s . . l rt ’ ts ti.s l i tv  (So f t ~..lrc ‘ t t d e l t n g ) .  T h i s  report summar i ze s the
~~~~ ~

, 1 opien t of .1 1 .1 vi’ s i  sn ise t hodol agy f o r  de tc s-m i n I n~ the  opt 11111% 1
poll ~ v f o r  ~~ tn t  a in i l~ .iis opt’ r.It t o n a l  s o f t  i~a r i’ svs em • rht ’ im por t  ance
of t i l l s  di ’vt 1oprn ~I I t  is tha t i t r e p rese n ts  t he t i rs t  at tem pt to develop
op~ rat I ois.s 1 so f t  so re i:sa i nt enance po l i c i e s  t h at  more c losci v ret  1 ect

4 
t ht’ ~lC t (1.11 sot  tw o re error (it ’ Sec (ion .s nd cor ret’ t ion process.

Tite t h eory 111511 L’ tllI.I t tOI lS  dt’Vc 1 I~~’t’J IInd( r t h is ef t o r t  w i l l  lead to ouc h
needed predIct I ye a ’a S I I r I ’5 t or use by so f t  w.s rt ’ no in t enan ce  personnel
in  prov i11 I ng bet ter  •lOd mor.~ e lf i ci ent 1111 1 ntenance of operat tonal
sot  tw ar e .  In t Ied  t I I’ll , t Ia’ assot~ listed CIMS t tdenc e l i m i ts  and othe r
r e l a t e d  st ,i~ 1st i~’,tl quaflt it iei. developed under t i l t s  e f f o r t w i l l  i n s u r e
II’ f t  ~~i h’ .s pr t,.~.I IU~L ol these  m o d e l i n g  t echn i ques.  F ina l  lv , the

pred ic t  iv Iseasures anti equa t tons developed under  t h i s  ef t o r t  w i l l  be
o~ip l i cab le  to c u r ren t  A i r Force s o f t w ar e ’  development  p r o j e c ts  and thus
hel 1t to produce tise isi~~is qu a l i t y ,  low cost s o f t w a r e  needed f o r  today ’s

• sy s te m s .

/ 
~( — ‘ .5(

~• ( 

~~~

t,l._ I , .

•~~I.A~~ ~~. SIT KERT
Project rnglne•er
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1. INTRODUCTION

In this report we discuss th.” problem of determininti an

optimum correction limit policy for a large software system whic~;

is subject to random occurrences of errors. When ~n error occux~~,

a corrective action is undertaken to remove it. Su~~i an ~tct ion

can be scheduled at two levels, which we call Phase I and Phase I I .

B~ Phase I we mean that the corrective action will be undett,sken

by the programmer while Phase II action is undertaken by a system

analyst or system designer. First, Phase I corrective action is

scheduled for a specified time T • If the error is not corrected

in this time, it  is referred to Phase II. This sequence of cor-

rective actions in an operational phase is shown in Figure 1.1.

Our objective is to determine the optimum value T* of T which

minimizes the long rn-i average coat. Two models are developed

for this purpose. In the first model (Section fl we assume t hat

the cost of observations of error occurrence and correction t ime ,

prior to the implementation of the optimum poli.. ,’, is negligible.

“‘he second model (Section 3) incorporates the cost ot 
observations .1
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2. t.EDEL WHEN COST OF OBSERVATIONS IS NEGLIG IBLE

The following assumptions are made for model deve lopment:

(i) The error occurrence time in a software system has an

exponential distrib... .ion with an unknown mean

(ii) The error correction time at Phase I is exmonerst i a l  with

an unknown mean

(iii) The Phase II error correction time has a general distri—

bution with a known mean

(iv) Appropriate prior distributions can 5? chosen for ~. and

I” l

• 2.1 Predictive Distributions of Y and X

Let random variables X and Y denote the error occurrence

time and Phase ~. ery.or correction time, respective ly. From assump-

tions (I) and (ii) the probability density functions are

f(xlX ) -
~~ e~~~ ~

‘ x > O , \ > O  (2.1)

- 
~ 

—
~
/
~ig(yI~~1) = — e y > O , ~~~~~ > ( ‘  (2.2)

I.
~l

In this  report, we deve lop suitable expressions by consider—

ing the conjugate priors for 
~ l 

and X wh ich are in-~’erted gamma

distributions given by

— ( o r  + 1) 
~~~i

/’IL 1
e ‘ B 1 

‘-‘ 0 ,  ( 2 . 3 )

a no

I I r c~2 ) ~~~~~ e~~
2’’ ‘ ~ 0 • (2.4)

3
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The expressions for any other reasonable priors for

\ can be deve loped si m i l a r l y .

Al sO , let x =  (x 1, x 2 9 . . . , x )  and 
~~~

= l’~’2 ’” ’~’n~ 
be the

observed v a lu L s  of n error  occurrence times and n error correc tion

times, respectively.

Now we obtain expressions for the predictive distributions

of Y and X and also obtain the Bayesian estimates 
~n+l and

which will be used to obtain the cost function.

For g iven observations ~~~~~, the l ikel ihood function of is

n
— :  Y~~: i

—n i=1 (7L ( 1~1I~~) = 
~ l e - ‘

The posterior distribution of is obtained from Bayes

theorem:

2 
~~~ 

ty)P(~~1
)

= (2.6)

Subs t i tu t ing  the expressions for p (it 1) and L (~,s~y) from (2.3) and

(2 .5 ) , we get the posterior distribution of It
], 

as

P( ~~1I~~) 
(B1 + E  y~~) 

(
~~i+~~~

1) ~~~~~~~~~~~ ~~~~~~~~~ (2. 7)
r(~ 1 +n)

Using this posterior, the predictive distribution g (yI~~) of

error correction time at Phase I is given by

!~ 
g(y~p.1)P(p~1(y)d i&1 . 

(2.8)

4
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Substituting the expressions for g(y I~~ ) and p(~~ y) from (2.2)

and (2.6), respectively, we get

— (n+~ +1)
g(yI~~) = ( 

1 
)(i+ Y 

) 
1 

(2.9)
E y.+

~~1 E
i=1 ~ i=l ~

The cumulative predictive distribution to some specified time t is

G(tIZ) = g(yI~~)dy

- (n+~ 1)
= i _ (  

~ 
t ) . (2.10)

E

We define the predictive Phase I error correction rate as

g(tI)~~r(tI Z) = — 
— (2.11)

G(tIX)

so that

—1
r(tl Z) = ( ~ 

)(i+—~ ) (2.12)
E y . + 6 1 E
i=1 ~ i=l ~ -

where ~ (t) E1—G (t )

The predictive distribution f(xlx) of the error occurrence

time can be similarly obtained.

2.2 Bayesian estimates and

From the predictive distributions of X and ‘1 the Bayesian

estimates 
~
Cr~ ]. 

of the time to (r,+l)st error occurrence, for

given x and the (n+l)st error correction time for given z are

easily obtained, sinc
e 5
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)
G(tI~~)dt

n
E Yj~~~i= 1

(2. 13)
+ n—i

Simi larly

~n+l 
= F (tlx)dt ‘ (2.14 )

where

F ( t l x )  = f(xlx)dx (2.15)

which is a cumulative predictive distribution to some specified

time t . Hence

n
E x + ~~

1 = . (2.16 )

2 .3  Cost Function

• Let c1 (c2 ) be the cost per unit time of error correction in

Phase I (Phase I I)  and the costs be linear functions of time. From

assumption (iii) Phase II error correction time has some arbitrary

general distribution with a known mean It 2
. If we consider one cycle

to be the t ime from the beginning of (n+l)st operation to the

beginning of (n+2)nd operation, then the expected cost in one cycle

is

E ( C )  = clS
T
~~(tII)dt+c 2It 2G(TI~~) , (2.17 )

where T denotes the scheduled correction limit time in Phase 
I.6
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The expected l.ngth of onø cycle is

~(L) - ~n+i 
+ ~ (tI~~)dt+ 112 G(TI~~) • (2.18)

and hence the long run •xp.ct.d cos t p.r unit time s’ .

~(C)C(T) s 
~(L)

or
T

C1 J’ ~ (tI~~)d t + c 2 112~~( TI~~)
C ( T ) — T . (2 .19)

~~~~~~ ~~( t I X ) d t + 1 12~~ (T IX )

This is the cost function which we want to optimize to obtain the

optimum policy.

2.4 Opt imum policy

From (2 .19),  we not. that

c2 112C ( O )  ( 2 . 2 0 )
+ 112

and

1C(—) — ~ ~~~~‘ — (2.21)

~n+l~~~
’n+1

where is the Bayesian estimate of y for g iven data y

Also , not. that P .O  means that Uie errors are corrected only

at Phase II whil . T a .  means th& they are corre- ’ted at Phase I.

To obtain an optimum T~ which minimizes the long run averag e

coat per unit tim., C (T) , we n..d the follow ing theorems and

7

- -
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corollary. Theorems 2.1 and 2.2 are th. special cases of the

theorems proved in Appendices A and B respect iv.ly.

Theorem 2.1

Assume c1 <C2 . Then under the following condition

r(0I~~) > 
i f l +1 112 2 2  (2.22)

C 2 112

there exists a finite and unique T* which satisfies

r(TIX)[c2~~~ 1+ (c2-c1) S ~ (tIX)dt)

+ (c2—c1)~~(TIX) 
c1~c~~1 (2.23)

Theorem 2.2

If the above condit ions are sat isfied then ther• also exists

a finite and unique upper bound T(>T*) such that

r (~~I ,~) 
C1X~~1 (2.24)

112(c2x~~1+ (c2—c1)y~~1)

This upper bound can be used to obtain an initial value for

solving the nonlinear equations in p* •

Corollary 2.1

If there exists an optimum T* , then the associated cost

funct ion is given by

c1~ c2 112 r (T* ~ )
C(T*) 1—11 2 r (T* I~ j  

(2 .25)

8
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2 . 5  Numerical ~ cample

We use simulated data in this example to illustrate the cal-

culations and nature of various quantities in the determination

of T* .

Let

= 8000 c2 9000

0 l 0

~2 0

It2 = 0.7

The simulated data (xn sy n ) are given irs Table 2.1. Suppose

nalO data points are available. The Bayesian estimates of x11 and

are obtained from (2.16) and (2.13) as x11=59.60 and

respectively. Such values for various n are given in Table 2.2.

For the case n=l0 we see that the optimum correction limit time

is T*a O.90 hours and the corresponding minimus~ cost rate is

C(T*) a 99•44 dollars/hour.

Thus , for this set of data, we will schedule corrective

action in Phase I for 0.90 hours and if it cannot be completed

in this time, the software system will be referred to the system

analyst for corrective action.

9
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TABLE 2.1

Simulated Values of x~ and

fl X~~~ (Hrs.) y~ (Nra.) n x~ (Nra.) y~ (Hrs.)

1 61.34 1.90 11 53.44 1.03

2 27.84 1.08 12 2.87 0.95

3 154.30 0.85 13 31.27 0.60

4 14.58 0.26 14 97.06 0.02

5 10.86 0.01 15 78.17 1.49

6 35.35 0.3]. 16 124.52 0.52

7 140.13 0.38 17 0.49 0.36

8 36.47 1.50 18 12.33 0.08

9 8.74 0.43 19 85.44 3.51

10 46.79 0.27 20 23.59 0.10

10
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TABLE 2.2

calculation for the Optimum Correction Time Policy

n c~~~1(hr. ) ~~~ 1(hr . )  T* (hr . )  C (T* )

2 89.17 2.98 0 70.10

3 121.74 1.92 0 51.45

4 86.02 1.36 0 72.65

5 67.23 1.02 0 92.74

6 60.85 0.88 0.32 101.05

7 74.07 0.80 0.73 80.11

8 68.70 0.90 0.02 90.78

9 61.20 0.84 0.38 100.60

10 59.60 0.78 0.90 99.44

11 58.98 0.80 0.66 102.87

12 53.88 0.82 0.50 113.82

13 52.00 0.80 0.68 116.85

55.46 0.74 1.45 103.80

15 57.09 0.79 0.75 3.06.51

16 61.58 0.77 1.02 97.47

17 57.76 0.75 1.45 101.22

18 55.09 0.71 2.16 101.14

19 56.78 0.86 0 109.61

20 55.03 0.82 0.13 112.97

L •

~~ 11 

• 

~~~~~~~~~~~~~~~~~~~~~~~~~~~
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2.6 Sens itivity Anal ysis of the Optimum Correction Time T*

To study the sensitivity of T* to changes in various para-

meters, we look at the plot of T* versus average correction time,

y a E y . / n . Plots for  variou s values of c1, C
2~ ~~~ ~~ ~l’

and are given in Figures 2.1 to 2.4. In Figure 2.1.

is varied while other parameters are kept constant. The effect

of changing c2 while keeping other factors constant is shown in

Figure 2.2. Effects of changing 112 and n are shown in Figures 2.3

and 2.4, respectively. The following observations can be made from

these figures.

(i) T* increases with 
~l 

for fixed y and the slope of T*

vs y lines is independent of 
~l 

(Figure 2.1)

(ii) T* increases with c2 for fixed y and the slope of T*

vs y line is independent of c2 (Figure 2.2)

(iii) T* increases with 1
2 
for fixed y and the slope of T*

vs y line is independent of 112 
(Figure 2.3)

(iv) T* increases with n for fixed y but the rate of increase

decreases with ~ (Figure 2.4).
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3. MODEL FOR N~~~ZERO COST OF OBSERVATIONS

In this section we develop the cost model for the optimum

correction limit policy by incorporating sampling cost. It is

assumed that the sampling cost i a linear function of the sample

size.

Let c be the sampling cost~’at each state and Cn (Tn) be the

expected cost per unit time un~~.l the completion of (n+1)st correc-

tive action under the limit dm 4  Tn • Having taken n observations,

if we decide to take another observation, i.e., the (n+1)st observa-

tion, then C +i (Tn+i) is the cost per unit time until the completion

of the (n+2)nd corrective act ion under the limit time Tn+l

3.1 Cost Function

Let the length of the nth cycle be the time from the beginning

of nth operation to the end of nt~ corrective action. Then the

expected cost at the end of (ns-l)st cycle, given n observations ,

is

T~
E(C~ )=nc+c 1f G (tIy)dt+c2 It 2~~(T~~~) (3 1)

The expected time to the end of the (n+l)st cycle is

n
E [LnJ = x~~+~~~~1 +~~ ~ +5 ~~

(tIX)dt + It2~~
( T I X) 

(3.2)

The expected cost per unit time at the end of (n+l)st cycle is
4

then given by

17
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E (C~~)
C~ (T~) E(Lj (3.3)

or

~ G ( t I~~)dt + C
2 112G ( T

~
I X)

C (T ) • 
0 

— (3.4)
fl 

ial 
X . +  •fl~~ ~~~ 

~~~~~~~ ~
(tI~~)dt + ii.2~~(T~~~ )

If we decide to consider the next cycle, then the cost rate

function to the end of (~+2) ~d cycle is s imila r ly  obtained as
T~,,,1

(n+l)c+c 1 :~ 
G ( t I y ) d t + C 2~~~2 G ( T ~~,1I~~ )

c~~ 1(T~~ 1) — 

n 
. ( 3 . 5 )

Z x 1 + 2~c~,1,1 + z ~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~i.=1 i= l 0

3.2 optimum Policy

Our objective is to determine the optimum sample size n~
and the optimum correction limit T~ such that

C~ (T*) ~ C~~1(T~~1) . (3.6)

Given that n observations have been taken, the following steps

j surimsarize the procedure of detez,uining these quantities~
(i) Calculate C~ (T~) and C~~~1(T~~,,1)

( i i )  If ~~~~~~~~~~~~~~~~~~ , then stop taking observations

and employ n~ and T~ as the optimum policy.

(iii) If C~ (T~) >C~ ,1(T~) , take (n+ l )St observation , i.e.

let n—n+ l and go to step ( i ) .

18
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The following theorems are used in determining C~~(T~~) a nd

Cn+i(T~+i
) . Theorems 3.1 and 3.2 are the special cases of the

theorems in Appendices A and B , respectively.

Theorem 3 .1

Suppose c1 < c2 and A ~ 0 . Then there exists a unique and

f ini te  T~ satisfying

r(T~ !~~)(A+ (c2—c1) 5
~ 

~ (tI~~)dt) + (c2—c1)~~(T~~I~~) = 8 (3.7)

where

A — C { ~ ~ +~~ + 
~ } — nC (3.8)

i—i n+

B — _L[c {~~~~x + ~~ + 
~~1

Yi}
_
nc] . (3 .9)

Also , the associated cost rate function is given by

c1 — 
c2 1.12 r (T*)

C~~(T~ ) l — 1 12 r (T~ ) , (3.10)

Theorem 3. 2

If the conditions of Theorem 3. 1 hold, then there exists a

f in i te  upper bound 
~~ 

(> T ~ ) such that

r(~~~I~~) a A +  ~~~~~~~ 
. (3.11)
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If both T~ and T~.,t .xi.t , then thc’ icllo w % nq ~-ci l . i t  % t ’ f l -

chAp holds,

c~ rr~ ) 
~ ~

‘ fl+I~
1
t%4 t

1
N)

‘- — -
‘ t ( T ~~) - r(P~41

)
(‘-I

~- —~- ‘r~ ~ 
• i. 1:1

~~N) ~l

~k.Lat.ionsh~p. jtven in Thl~orc~n~ 
1, 1 ~~tP  riXpt.iti~r t  I n

Appendix C.

I . I Num t~~*t rx~impl.

In  thi SI •x~imp 1~ we u*s~ ctmu 1~ tc’~t ~tht~ (0 tuIu * t~~.itc’ t hc’

detetn~ i t~
-
~t is~n ~‘f n~ .snd 1’~ . 1 mu 1.-i ~~ ~‘i  tuci -~ ‘1 x ~and y

Ii

t *.~ I \‘.l I I c~U$ fl cI S c’ ‘I  I \~~Ii 1fl V ,i1 I ci . I • I% ~~9’ ‘ ‘~~~i I lic~ V I IS’-’’~ ~~‘ C

I ~~t t~~ qII~1nt I t  I c~ .1SI I ~~‘ 1 tuwN ,

1 
— 11000 

-
s 

•~ ~oo0

~~l 
— .11 

~~l 
—

• “: 
—

.
~ 0.

‘then th ’ V~ lues 0! ~~~ ~ i’ T~1. ~
‘
n ~‘ “

~ i~~ ~~~~~~

~ ‘ (‘Vi 1 are .bt atned  from I hci ~~~~‘~~~~~‘~~ ‘ ~~‘I ~~~~~~~ i n ’ - ~ flct ~I ci ‘1 i \ ’ ’ I I

NI Ni
in ‘table I. :. r t -~.m t h i s  table we Nc’e th . it tC ( t C’s I I

~~~ 
(‘l’~ ~ 1 — .~ 1 • 74 and t , (T~ I — .~ 

(•( I ti ’s~~t ~‘. 

~~ 
~~~~ 

~ 
•

Therefore, th. optimum polAt’y i* n~ 1 % .ini i~ 
—
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• • TABL~ 3.1

Simulated Values of x and yn n

n x~~(hr )  y~~(h r )  
- 

n x~~(hr )  y~~(h r )

1 32.25 1.69 10 3.72 0.15
2 34.77 0.12 11 50.85 0.07

3 63.92 0.23 12 64.89 0.12

4 2 1.03 0.41 13 0. 76 0.29
5 39.42 0.20 14 87 .45 1. 33
6 9•97 0.37 15 64.12 0.77

7 3.69 0 .22  16 30.98 1.37

8 2.42 1.75 17 127.05 1.39
9 10.71 3.00 18 85.54 0.21

I’

I
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TABLE 3.2

Calculations for the Optimum policy

n 
~
‘n+l 

- 

C~~(T *) T~~~1

2 67.01 1.56 0 46.73 0 37.72

3 65.47 1.09 0 32.24 0 32.05

4 50.65 0.91 0.33 30.9 0.33 27.06

5 47.85 0. 76 0.92 24.44 0.92 2 3.74
6 40.27 0.69 0.12 23.00 0.13 20.55

7 34.17 0.62 0.19 21.43 0.19 19.12

8 29.64 0.77 0.95 25.63 0.95 23.25

9 27.27 1.02 0 26.21 0

10 24.66 0.93 0 26.23 0 24.32

11 27.27 0.85 0.09 21.74 0.,’~’) 
23.61
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4. CONCLUDING REMARKS
[4

In this report we have presented two models for the determina-

tion of Bayesian software correction limit policies under the

assumption of exponential error occurrence times. For the first

model we assume that the sampling cost is negligible while for the

second model , such cost is incorporated. Procedures for determining

the optimum policy were described and illustrated via numerical

examples.

23

~ I



‘~
—~~--—.---- ~~~~~~~~~~~~~~~~~~~~~~ 

- 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

I
APPEND IX A

TheoremA-l. Let C* (T) be a cost function given by
T

a + c1 
~~ 

G ( t I  ~ )dt + c2 112 G ( T~
C* (T) T (A—i)

b +  G ( t I X ) d t + 1 1  G( T I y )
0 2

where a and b are constants and let the following conditions

hold

c1 < c 2 and A � O

where

A = c
2
b - a

Then there exists a finite and unique T* which satisfies

q(T )  s r ( T l~~)(A+ (c2—c1) G(tI~~)dt1 + (c~ -c 1 )~~(T I y)  ~~~B

where

B —i- (c b—a)
112 

1

- d C * IT )Proof: The solution of the equation -----a--- =0 c.in b expressed

in terms of r (TI~~) and is given by equation (A- .i.

Notice that the repair rate r (TI )) is monotonely decreas in~

with T. It can be easily shown that the UiS of t-he above equat ion ,

q(T ) is also monoton ically decreasing with T under the conditions

c1 < c 2 and A a O  . Therefore, if q(0) -.B>q (~~) 0 then th ..’re

24



- • • ~~~~~~~~ _4 - ~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~ ~~~~~~~~~~ ~~~~

- - • 
- . - - .- ——. - - - - - . • • --s--

exists a unique and finite solution satisfying th. above equation.

This solution yields the minimum cost because the cost functiin

is convex under these conditions. Also, from the monotonicity of

q(T) •T*aO if B~~ q(0) and T*= . if B<q (a) (see Figure A—I ).

If there exists an optimal T5 then by substituting T* into c* (T)

we get

c1
_c

2 112 r (T* I)~~
C*(T*) T~.112 r (T * I y)  . (A—))

This completes the proof.

Note that  Theorems 2.1 and 2 . 3  are the special cases of this

general  theorem.

H
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q (1)
,.._—q(O)~ r(OIy)

o 4 . T
(a) q(0)>B>q(— )aO

q(T) q(T)

B — — —  

(b) q(0)<R
(C )  q (—)>B

FIGURE A— i plots of q ( T )  vs T for Various Cases
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APPENDIX B

Theorem 8—1. If the cdnditions of Theorem A—i hold, then there

exists a finite upper bound ‘F (>T~ ) such that

• r ( ? I v ~ 
B (B— i)

A + (C 2 — C1 ) ~n+i

Proof of Theorem B—i . We again use the general form to show that

there exists a unique and finite upper limit T of T* in case of

the existence of T* , i.e. under the conditions c 1 < c 2 , A 0

and q(0) >B >q(a) . Since the repair rate r (TIX ) is monotonically

decreasing with T, we have

r(OIX) > r (T I~~) for T > O

or

r(0l>~
) . G( T t~~) > g(TI)) .

Integrating both sides over the range of ‘r we get

~~1 r (0I~~) > 1 (B—2)

where

• J ~ (Tl~~)dt

is the posterior mean. Now define the following function.

M ( T )  = r(TIZ) (A+ (c2—c1)~
r~~1) —q (T) . (B—3)

Then, from B—2 we note that M(T) is monotonically decreasing in T

with

M ( )  — 0 (B—4)

27
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and

M( 0 ) = (C 2
_C

1)c 1~~~1 r(OIy) — (c2~-c1)

— (c —c~ ) ( ç ’  r ( O I y) — l ) > 0  ( B — 5 )
2 Ni

Therefore,

M (p)>0 for T>O

or

r (T t~~)(A+ (c2—Ci)cJn+l) >q(T) . (B—6 )

Hence, if there exists a T* such that

• q (T*) B (B—7)

then there also exists a unique and finite root T satisfying

r(T l~~)(A+ (c2—c1)~’~~1) B

or

r(TIX) 
B

A+ (c2
_c

1)y~~1

It is easily seen that T > T *  (see Figure  R - 1 ) .

28
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• APPENDIX C

Relationship between C(T~) and

If c1 <c2, then C(T*)~ with r (T*) . This is seen to be true

from equation (2.25). Now, from Figure C—i , we see that

C~ (T*) > C~~1(T*) <—> T~ > T~~ 1

because r(T)~ with T. Hence the decision will be to take another

observation.

From Figure C-2, we see that

C~~,1 (T*) > C~ (T*) < >  T~ < T~~ 1

and hence the decision will be to stop taking observations and to

employ the optimal policy T~~.

30
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FIGURE c—I Plot of C(T) versus r(T)
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• FIGURE c—2 Plot of C(T) vs r ( T )
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